The aim of this study is three-fold: (i) to present a general higher-order shell theory to analyze large deformations of thin or thick shell structures made of general compressible hyperelastic materials; (ii) to utilize the orthonormal moving frame in the formulation of shell theory in contrast to the classical tensorial covariant coordinate system; and (iii) to present the nonlinear weak-form Galerkin finite element model for the given shell theory. The displacement field of a point on the line normal to the shell reference surface is approximated by the Taylor series/Legendre polynomials. The formulation uses the non-coordinate orthonormal or Cartan's moving frame as the vector coordinate bases in contrast to classical covariant bases, which could be non-orthogonal for general surface coordinate. The kinematics of motion in such a coordinate system is derived using the tools of exterior calculus. The use of an orthonormal moving frame makes it possible to represent kinematic quantities, e.g., determinant of the deformation gradient, in a far more efficient manner than the classical tensorial representation of the same with covariant bases. The manipulation of the various tensors used in the kinematics and dynamics of the structures can be carried out with ease and a more computationally efficient manner. The governing equation of the shell has been derived in the general surface coordinates and weak-form finite element model for the presented shell theory is developed. Also, in this study, various specializations of shell structures -e.g. pipe like surfaces with general cross-sections, surfaces of revolution, spherical surfaces and so on -are presented. The methodology developed herein is very much algorithmic, and hence it can also be applied for any arbitrary interpolated surfaces with equal ease. The higher-order nature of the approximation of the displacement field makes the theory suitable for analyzing thick and thin shell structures. As far as the constitutive relation of the material is concerned, the derivation is carried out for general compressible hyperelastic material. The formulation presented herein can be specialized for various nonlinear hyperelastic constitutive models suitable for use, for example, in bio-mechanics and other soft-material problems (e.g., neo-Hookean material, Mooney-Rivlin material, Generalized power-law neo-Hookean material, and so on).
Introduction
Introducing the differential form in his book, Flanders (see [1] ) wrote the following in the context of a tensor method:
"At the outset we can assure our reader that we shall not do away with tensor by introducing differential form. Tensors are here to stay; in a great many situation, particularly dealing with symmetries, tensor methods are very natural and effective. However, in many other situations the use of exterior calculus, often combined with method of moving frame ofÉ Cartan, leads to decisive results in a way which is very difficult with tensor alone. ..."
Shell theories in applied mechanics are precisely one of such situations where the use of exterior calculus along with Cartan's moving frame 1 would produce the desired results in a very effective manner in both the formulation of the theory as well as in the numerical computation of the solutions for such theories. Thickness-integrated governing equation of shell structures, where thickness is measured along the normal direction to the shell surface in reference configuration, is defined over a two-dimensional Riemannian manifold. Then, at each point of the mid shell surface (or reference surface), the kinematics of the motion and governing equations are given in the tangent space at that particular point. The tangent space to the curved two-dimensional space is Euclidean, and the best way to deal in Euclidean space is by orthonormal basis vectors. The kinematics at each point of the shell can be represented and manipulated in a very concise and computational friendly manner using orthonormal bases. For instant, if A and B are two second-order tensors, then the tensor operations like (A · B) or the determinant can be represented more efficiently in Cartan's moving frame than the commonly used natural covariant frame as we can see that in the following table:
Natural covariant frame Cartan's moving frame A = A ij e i e j = A ij e i e j = A .j i e i e j A = A ijêiêj A · B = A ij e i e j · B kl e k e l = A ij B kl g jk e i e l A · B = A ij B jkêiêj
Here the repeated index implies summation over the range of the index, namely, 1 to 3 for three-dimensional space. Also, e i and e i are the covariant and contravariant basis vectors of the natural covariant frame, respectively; g ij are the components of the covariant metric tensor;ê i are the orthonormal bases of Cartan's moving frame; and e ijk or e ijk is the permutation symbol. Here we can see that we have nine times more terms in A · B and 729 times more terms in the expression of the determinant in a very general setup in the natural covariant frame compared to Cartan's moving frame. Specific to the shell structures also, where the normal basis vector is always perpendicular to the other two surface basis vectors, these invariants (A · B and det(A)) have 5 and 125 times more terms in the covariant frame than Cartan's moving frame, respectively. Such tensor operations are widespread in all shell theories and computational applied mechanics at large. Hence the covariant frame is computationally very costly as compared to Cartan's moving frame in such an application.
Motivated by the above reasoning, we present in this study a formulation of a general higher-order shell theory and its finite element model using Cartan's moving frame. The aim of this study is three-fold. (i) To utilize the orthonormal moving frame in the formulation of shell theory in contrast to the classical tensorial covariant curvilinear coordinate system (see [5] ). (ii) To present a general higher-order shell theory to analyze the large deformation of thin or thick shell structures made of general isotropic compressible hyperelastic materials which can be specialized to 7-parameter (see [6] for linear constitutive relation) or 12-parameter shell theory (see [7] for linear constitutive relation) for a specific order of approximation. The formulations presented herein are developed for the invariant based isotropic hyperelastic material model, which can be again specialized for various models such as compressible neo-Hookean, Mooney-Rivlin material, Saint VenantKirchhoff nonlinear material models. A similar formulation for incompressible material can be found in the second part of this study (see [8] ). (iii) The third goal is to present the nonlinear weak form finite element model for the presented shell theory.
The shell theory of soft material presented herein can be used in many bio-mechanical applications (such as analysis of arteries or veins, heart valves, aneurysms) as this is well suited for thin as well as thick walled shell structures owing to general higher order displacement approximation which allows the thickness stretch as well. Although the study has been carried out for isotropic homogeneous material, it can be extended to layered shell structures, functionally graded shells, and anisotropic materials or other smart materials, which have applications in the field of soft robotics, for example.
The outline of this paper is as follows: in the second section, we present a brief introduction to hyperelastic materials and governing equation in three-dimensional space with various stress measures. The third section contains a description of the kinematics and governing equation in a general curvilinear coordinate system using an orthonormal moving frame on the reference surface of the arbitrarily curved shell structure, considering the general higher-order approximation of the displacement field of the normal line to the mid surface of the shell in the form of Taylor's series or Legendre polynomial. In the appendix of this paper, specialization of the arbitrarily curved tubular shell with variable radius and shell formed by the surface of revolution are also presented. In the fourth section, we develop the weak form nonlinear finite element model suitable for large deformation analysis. Further, in this study, specialization of this formulation to various models of compressible isotropic hyperelastic material has been presented, followed by several numerical examples to illustrate the formulation presented herein. Then we close with summary and conclusion of this study.
Hyperelastic or Green elastic material
The hyperelastic material, also called Green elastic material, is a class of elastic material where the stress tensor at any point can be derived from the strain energy stored in the deformed body. The strain energy density functional of such material (see [9] ) is given as follows:
where I C , II C and III C are the first, second, and third principal invariants of the right Cauchy-Green deformation tensor, C = F T F defined as:
where J is the determinant of the deformation tensor F. The strain energy density function can also be expressed in terms of other mutually independent invariants of C such as (I 1 , I 2 , I 3 ), which are defined as follows:
Let us express the strain energy density functional for hyperelastic material as follows:
The derivative of the invariants of C with respect to the deformation tensor F are
The governing equation for the compressible hyperelastic material body for the static case is given by
where b is the body force vector measured per unit mass of the body and P is the first Piola-Kirchhoff stress tensor
The Cauchy stress tensor, σ is
where
and B = FF T is the left Cauchy-Green deformation tensor. To ensure zero stress in the natural configuration, we require
Also, the boundary condition is given as:
where N is the unit vector normal to the boundary surface in the reference configuration and q is the surface traction (transformed (or pulled) back to the reference configuration) acting on the boundary surface of the body.
General higher order shell theory
In this section, we derive the governing equation for the arbitrary shell structure in the general surface coordinates considering Cartan's moving frame.
Curvilinear coordinate system and non-coordinate orthonormal bases
Let (η 1 , η 2 , ζ) constitute a curvilinear coordinate system for the shell structure in threedimensional space, where (η 1 , η 2 ) are the surface coordinates on the reference-surface 2 of the shell structure, whereas ζ is the thickness coordinate measured along the normal direction to the shell reference surface. We will take ζ-coordinate as zero at the reference surface of the shell structure. For any general surface coordinates (η 1 , η 2 ), the corresponding covariant basis may or may not be orthogonal. So, in this study, we will consider a non-coordinate orthonormal moving frame (see Fig. 1 ) for the ease of the derivation of the governing equation and finite element model, as it would become evident in the following sections. Now, let R be the position vector of any arbitrary point P; then at that point we define the following orthonormal basis, which may or may not align with the covariant bases for the surface and normal coordinates assumed:
where R ,ζ , for example, represents the derivative of R with respect to ζ. The set (ê η 1 ,ê η 2 ,ê ζ ) forms a right-handed orthonormal basis, which does not necessarily align with the covariant bases; when these orthonormal bases do not align with coordinate bases (or covariant bases) then they form a non-coordinate orthonormal moving frame, for example, in the case of general closed curved pipe surface (see appendix A). Here, we note that the surface bases are not necessarily along the coordinate lines, contrary to the natural covariant frame.
Displacement field
Now, in the orthonormal coordinate system, we approximate the displacement field of apoint on the line normal to the reference surface of the shell in its full generality as
and A η 1 , A η 2 , and A ζ are the row vectors of the basis function in the ζ-coordinate for the approximation of u η 1 , u η 2 , and u ζ , respectively, whereas Φ η 1 , Φ η 2 , and Φ ζ are the column vectors of the corresponding coefficients of the basis functions defined as follows:
where n, m, and p are the order of approximation of the displacement component u η 1 , u η 2 , and u ζ , respectively. For higher order shell theory, the basis function can be taken as a polynomial in ζ as f i (ζ) = ζ i ; and in this case the components of the displacement field at any point can be interpreted as the Taylor series expansion about the corresponding point of the reference surface of the shell:
, and φ (0) ζ = w(η 1 , η 2 ) are the displacements of the reference surface of the shell structure at point (η 1 , η 2 ) alongê η 1 ,ê η 2 , andê ζ directions, respectively. Then the various variables in the above displacement field can be expressed as follows:
For the approximation orders n = m = 1 and p = 2, this higher order theory specializes to the 7-parameter shell theory (see [6] ) and for n = m = p = 3, the presented theory reduces to 12-parameter shell theory (see [7] ).
Alternatively, the basis functions f i (ζ) can also be considered as the Legendre polynomials 3 in the following form:
where P i (ζ) is the Legendre polynomial inζ and
Here, ζ t and ζ b are the ζ-coordinate 4 of the top and bottom surface of the shell structure, respectively. Further, the displacement vector at a point can be expressed as a column vector as follows:
Deformation gradient
The deformation gradient in the assumed orthonormal coordinate system can be derived with ease by using the tools of exterior calculus (see the appendix of Arbind, Srinivasa, and Reddy [10] and Appendix A for the detailed methodology) for a given coordinate system (η 1 , η 2 , ζ). The deformation gradient tensor can be written as
Then the components of deformation gradient can be expressed in column vector form:
We will drop curly braces from the column vectors {F} for the further references in this study for brevity. Further,F and its first variation can be given in terms of displacement variables, Φ as follows:
where the expressions forĨ, G 1 , G 2 , and G 3 for different curvilinear coordinate system are given in the Appendix A. Also, the components of displacement gradient, (L = ∇u = F−I) can be written in the form of a column vectorL in a similar fashion as deformation gradient (see Eq. (22)) as follows:
The determinant of the deformation gradient, J can be expanded in terms of invariants of the displacement gradient as follows:
where I, II, and III are the first, second, and third principal invariants of ∇u, respectively. These invariants can be given in terms of column vectorL (which ultimately can be written in terms of vector of displacement variables Φ using Eq. (24)) as:
and the expression of G 0 and G cof are given in appendix B. Now, using Eqs. (25) and (26), J can be rewritten as follows:
Also, the derivative of J with respect toL is:
Further, the derivative of the invariants I 1 and I 2 (see Eq. (3)) with respect toL are
where the detail derivation and definition of matrices B 1 , B 2 , and B 3 are given in Appendix C. Also, the volume element in the curvilinear coordinate system is given by
Here g is the square root of the determinant of the covariant metric tensor of the curvilinear coordinates assumed.
Strain energy density
The strain energy density functional of the isotropic hyperelastic material is given in Eq. (4). Then the first variation in strain energy density functional is
where β 1 , β 2 , and β 3 are defined in Eq. (9).
Governing equation for higher-order shell theory
To derive the governing equation for the general higher-order shell theory, let us consider that b be the body force per unit mass, and q be the traction force (transform back to reference configuration) applied on the boundary surface of the structure. Further, to obtain the governing equation, we start from the following virtual work statement (see [?]) for given strain energy density:
and
Moreover, q i and q l are the surface tractions applied on ith lateral surface and edge side surfaces of the shell structure, respectively, which are transformed back to the reference surface of the structure; G i is the determinant of covariant metric tensor of the surface coordinate (η 1 , η 2 ) for the ith lateral boundary surface (see Appendix C of [11] for general curved tubular shell surface). Next, the governing equation is obtained from Eq. (33) as follows:
δΦ :
and at the boundary line of the shell surface, the boundary conditions are:
where n η 1 and n η 2 are the components of normal direction to the edges of shell-reference surface in (η 1 , η 2 ) space.
Weak form finite element model
The obtained governing equation of the higher-order shell theory is the nonlinear partial differential equation in two dimensions, which can be solved numerically. In this section, we develop the weak form finite element model for isotropic compressible hyperelastic material for the higher-order shell theory. Towards this end, we consider the following Lagrangian 5 for a general finite element Ω e , γ:
where V Ω e is the work done by external forces on the element Ω e and ψ is the strain energy density function. Next, we obtain the weak form from the above Lagrangian as follows:
In the above equation, I is a (9 × 9) identity matrix. Now, we approximate the degrees of freedom vector as
where Ψ(η 1 , η 2 ) is the matrix of interpolation functions, which are functions of the coordinates (η 1 , η 2 ); U is a vector of the nodal values of the variables corresponding to displacement components, given as follows:
whereñ 1 ,ñ 2 , . . .ñn are the number of nodal values of u 1 , u 2 , . . . , un, respectively, andn(= n + m + p + 3) is the total number of Dofs at any node. Also,
We substitute the approximation of the displacement variables and δΦ a = ΨÎ (whereÎ is the column vector with all element unity and as many elements as the columns of Ψ) into the weak form in Eq. (38) to arrive at the following finite element equations:
where K and f are the stiffness matrix and force vector, respectively, and they are defined as follows:
with
The vectors f 0 andf 0 are the same as given in Eq. (35). The stiffness matrices are nonlinear and not symmetric. Again, we can apply Newton's method (see [?] ) to solve the nonlinear FE equation. The tangent matrix T in this case is given as
andH i are defined as
is defined as follows:
and β n,1 = 2 ∂β n ∂ I 1 , β n,2 = 4 ∂β n ∂ I 2 , β n,3 = ∂β n ∂J , for n = 1, 2, 3
and in Eq. (56) the term T f comes from the derivative of the force vector with respect to U (see Eq. (58) in [11] ). Also, we note that the tangent matrix is symmetric if T f is zero.
5 Specialization to various models of isotropic hyperelastic material
Saint VenantKirchhoff nonlinear material model
For the Saint VenantKirchhoff nonlinear material model, the second Piola-Kirchhoff stress tensor and the Green-Lagrange strain tensor are related linearly in the same way as in stress-strain relation for linear elasticity. This model is the simplest model of nonlinear hyperelastic material. In this case, the strain energy density per unit reference volume is given by
where S and E are the second Piola-Kirchhoff stress tensor, and the Green-Lagrange strain tensor, respectively; µ and λ are the Laḿe parameters. The β's and its derivatives used in the finite element model, described in section 4.1, can be specialized for this material model as follows:
Compressible neo-Hookean model
Another very common model for soft material is the compressible neo-Hookean solid. For this model, the strain energy density per unit reference volume is given by
where λ and µ are the Laḿe parameters. The β's and their derivatives can be specialized for this model as follows:
Compressible Mooney-Rivlin model
Another example of compressible hyperelastic material model is Mooney-Rivlin model. The strain energy density per unit reference volume is given by:
where C 1 and C 2 are the material constants and K is the bulk modulus. The β's and its derivatives can be then given as follows:
Numerical examples
In this section, we present a number of numerical examples illustrating the formulation of shell theory presented in this study. For all the examples, the surface coordinate (η 1 , η 2 ) are taken as (θ, s) as presented in Appendix A, and all the shell surfaces presented in the examples can be seen as a curved or straight pipe with constant or variable radius. Also, the mesh discretization (n θ × n s ) means n θ and n s elements along the θ− and s-direction, respectively for all the numerical examples.
Semi-cylindrical shell subjected to point load
First, we consider an example of a very common benchmark problem of semi-cylindrical shell subjected to point load, as shown in Fig. 2 for Saint VenantKirchhoff nonlinear material model. The geometric and material properties of the semi-cylinder are the following:
where L, R, and h are the length, mean radius, and thickness of the semicircular cylinder; E and ν are the modulus of elasticity and Poisson's ratio, respectively. One end of the cylindrical panel is completely fixed, and the straight edges are constrained to have u θ equal to zero.
Uniform (16 × 6) cubic spectral Lagrange elements are used for the nonlinear finite element analysis. (4 × 4) Gauss points are used in an element to integrate the stiffness and tangent matrices. For solving the nonlinear finite element equation, arc-length method (see [12] and [?] ) is employed to have program-controlled load increment with the error tolerance equal to 10 −3 . Also, Fig. 3 shows the load Vs. radial displacement (at the point of load application) plot and the result has been compared with 7-parameter shell theory for linear material (see Rivera and Reddy [6] ) and ANSYS. The solution from the present study is in good agreement with the study of the 7-parameter shell theory of Rivera and Reddy [6] , whereas ANSYS solution is not accurate for large deformation. where L, R 1 , R 2 , and h are the length, mean radii (minimum and maximum radii, respectively), and thickness of the shell; µ and ν are the shear modulus and Poisson's ratio, respectively. Figure 6 shows the magnitude of the radial displacement at the point of application of the compressive point load versus the magnitude of the applied load F 0 for both compressible neo-Hookean and Saint VenantKirchhoff nonlinear material models. The displacements for both these nonlinear material models are almost the same. The reason for this could be that the considered shell being an example of large rotation and small strain. Moreover, for the small strain experienced, both compressible neo-Hookean and Saint VenantKirchhoff nonlinear material models tend to linearise to the same linear stress-strain relation for given material constants. Also, we can observe from Fig. 6 that the quadratic element does not give accurate results for large deformation. 
Hyperboloidal shell subjected to point loads

Thin circular arc shaped shell-strip subjected to point load
In this example, we analyze a circular arc-shaped thin shell strip under point load as shown in Fig. 7 for two different boundary conditions; (i) Completely fixed (ii) hinged at the shorter edges of the shell stripe considering Saint VenantKirchhoff nonlinear material model. This loading condition shows the snap-through motion of the structure, and hence the arc-length method has been applied to solve the nonlinear finite element equation. The geometric and material properties of the semi-cylinder are the following:
where 2θ 0 is the angle inscribed by the arc-length at the center of the circle of which this arc-length is part of and R 0 is the radius of the same circle. h is the thickness of the shell-stripe. E and ν are the modulus of elasticity and Poisson's ratio, respectively.
Three different combination of meshes and different orders of the shell theory have been used considering cubic spectral finite elements; (i) (20 × 2) (20 elements along arc-length and 2 elements along the width of the shell-stripe) cubic spectral elements, (ii) (30 × 10) Here we note that higher-order spectral elements give the converged solution whereas the quadratic element gives an inaccurate solution for the large deformation and rotation. Also, the solution for compressible neo-Hookean material model and Saint VenantKirchhoff nonlinear material model are very similar as this problem is an example of small strain and large rotation. cubic spectral elements with n = m = 1, p = 2 and n = m = 2, p = 3 as the order of approximation of higher-order shell theory. Full Gauss points (4 × 4) are used to integrate the stiffness and tangent matrices. Figures 8(a) and (b) shows the deformed shapes for three different loads along the equilibrium path for fixed and hinged boundary condition, respectively, whereas Figs. 9(a) and (b) shows the load-displacement (at the point of load application) plot along the equilibrium path; here we note the snap-through motion for load-controlled scenario. Also, the solutions are convergent for different mesh sizes and orders of the shell theory.
Circular cylinder under internal pressure
In this example, a thin circular cylinder (see Fig. 10 where L, R, and h are the length, mean radius, and thickness, respectively, of the cylindrical shell. Moreover, µ and ν are the shear modulus and Poisson's ratio, respectively.
As in the case of hyperboloidal shell, we exploit the symmetry and model only 1/8th of the full domain as the computational domain for the analysis. Three different grid sizes are considered using quadratic elements for two different orders of approximation of the shell Completely -xed boundaries at the shorter edges Shell theory, n = m = 2; p = 3; 20 # 2, cubic elements Shell theory, n = m = 2; p = 3; 30 # 2, cubic elements Shell theory, n = m = 1; p = 2; 20 # 2, cubic elements Hinged boundaries at the shorter edges Shell theory, n = 2; m = 2; p = 3; 26 # 2, cubic elements Shell theory, n = 2; m = 2; p = 3; 30 # 2, cubic elements Shell theory, n = 1; m = 1; p = 2; 26 # 2, cubic elements theory. Full Gauss quadrature is used to integrate the stiffness and tangent matrices for elements. In this example, we have used the arc-length method to solve the nonlinear finite element equations to have a program-controlled load increment. Figure 10(b) shows the deformed shapes for the internal pressure P 0 = 278.7 psi. Further, Fig. 11 shows the load vs. maximum radial displacement plot for both compressible neo-Hookean and Saint VenantKirchhoff nonlinear material models. Also, in this case, the solutions are convergent for different mesh sizes and orders of shell theories for quadratic elements. 
Summary and conclusions
In this study, we have presented a general higher-order shell theory for isotropic hyperelastic material. We have considered the Cartan's (or orthonormal) moving frame in contrast to the natural coordinate (or covariant) frame. It is shown that this approach is computationally more efficient than the tensor formulation for the shell theory. The displacement field of the normal line of the shell reference surface has been approximated by general Taylor series or Legendre polynomial in normal coordinate zeta, which makes the general higher-order shell theory suitable for analysis of both thin or thick shell structures by just changing the approximation orders of the displacement field. Based on this approximated displacement field, we derived the governing equations from the virtual work method for the static case. Figure 11 : Load versus maximum radial displacement plot for the internally pressurized cylinder. Here, we notice that the plot coincides for small displacement i.e. small strain as both neo-Hookean and Saint Venant-Kirchhoff nonlinear models linearise to the same linear constitutive relation. model of the governing partial differential equation in two-dimensions. Various numerical examples have been presented to illustrate the use of various orders of shell theories. We have shown that the solutions converge for refined mesh or refined orders of displacement approximation. 
Here κ 1 , κ 2 and κ 3 are the components of the Cartan matrix of the moving frame (see Arbind et al. [10] for details). Now we consider a curvilinear cylindrical coordinate system with surface coordinates, η 1 = θ and η 2 = s and normal coordinate ζ; s is the arc-length coordinate measured along the reference curve C, θ is the angle measure from the M 1 towards M 2 (see Fig.A.1) and ζ is the normal coordinate in the direction of the normal to the reference surface. At any cross-section, the distance of any arbitrary point P on the reference surface from the point C at the reference curve C is defined as R(θ, s) which is given for the geometry of the reference surface. The basis vectors at any arbitrary point Q, whose position vector is R, are defined as follows:
wheren is the unit normal to the reference surface. For any arbitrary tubular reference surface. The orthonormal bases can be given as following (see Appendix B of [11] for detail derivation ofn andê θ ):ê
Then the curved frame (T, M 1 , M 2 ) can be given in term of the assumed orthonormal bases as following:
Next, we obtain the exterior derivative of the considered basis vectors as follows:
The position vector of any arbitrary point Q is
Further, the length element, which is a vector valued one form, is given as
Let us write the length element dR as the following column vector 6 :
Further the volume element dV , which is scaler valued three form, can be obtained as following:
where (dθ ∧ ds) means wedge product (see Flanders [1] ) or exterior product between dθ and ds and so on. Dropping the wedge sign (and maintaining the order dθ, ds, and dζ), we can rewrite the volume element as
Next, from Eq. (A.12), we have the following:
Now, let us consider the displacement vector as u = u θêθ + u sês + u ζn , then we have the differential, du := (∇u)dR, where ∇u is the gradient of displacement vector. Further, using Eq. (A.1), du can be given as
which can be again written as a column vector as Hence
Now, comparing with du = (∇u) dR, the gradient of the displacement vector u can be expressed as
In tensor notation the gradient can be written as
The deformation gradient can be obtained as F = I + ∇u. The components of the deformation gradient can be written as the column vector,F as defined in Eq. (22). Then the coefficients G 1 , G 2 and G 3 can be expressed as
where ( ) ,ζ represents the partial derivative with respect to ζ and so on.
A.1.1 Specialization for tubular curved shell with circular cross-section
The expression for the gradient given Eq. 
A.1.2 Specialization for curved tubular shell with constant radius 
and the c's defined in Eq. (A.16) become:
A.1.3 Specialization for surface of revolution
The above gradient can be specialized for shells with surface of revolution as well. For the surface of revolution the radius of cross-section again would be function of s, that is, R = R(s) along with the components of the Cartan matrix defined in Eq. (A.1) would also be equal to zero because in that case the reference curve is a straight line.Hence, in this case, we have κ 1 = κ 2 = κ 3 =κ 1 =κ 2 = 0, ξ = 1, (A.32) Also, the α's in Eq. (A.4) become:
and a's defined in Eq. (A.8) can be given as follows:
, c 3 = 0 c 2 = 0, c 4 = 1 
A.2 Spherical shell
Here we also derive the gradient of the spherical shell following similar procedure for the sake of completeness. Let us consider, a spherical shell with radius R and the surface coordinates η 1 = φ and η 2 = θ, where θ is the azimuthal angle in the xy-plane, measured from the x-axis and φ is the polar angle (also known as the zenith angle or colatitude) as shown in the Fig. A.1 . Also, ζ is the coordinate along the normal directionn, which is essentially the radial direction in the case of the spherical shell. Next, we obtain the exterior derivative of the above considered orthonormal basis vectors can be given as follows:
The position vector of any arbitrary point Q can be given as follows:
Further, the length element, which is a vector valued one form, is:
Let us write the length element dR as the following column vector 7 : Now, let us consider the displacement vector as u = u φêφ + u θêθ + u ζn , then we have the differential, du := (∇u)dR, where ∇u is the gradient of displacement vector. Now, du can be given as following:
which can be again written as a column vector as follows:
The coefficients G 1 , G 2 and G 3 used in Eq. (23) for the gradient can be given as
A.3 Specialization to Plates
The simplest case of the shell is the plates, which can be analyzed using rectangular cartesian coordinates (x, y) in the plane of the plate and z coordinate in the normal thickness direction. In this case, we will consider η 1 = x, η 2 = y and ζ = z. The orthonormal basis vector would be simply the cartesian basis vectorsη 1 =ê x ,η 2 =ê y andn =ê z and in this coordinate system the gradient can simply be given as follows: The coefficients G 1 , G 2 and G 3 used in Eq. (23), for the deformation gradient, become: 
where L ij with i, j = η 1 , η 2 , ζ are the components of the displacement gradient tensor L = ∇u = L ijêi ⊗ê j .
Further, the derivative of the invariants I 1 and I 2 with respect to L are: 
where the components of tensors L 1 , L 2 and L 3 can be written in the column vector form in a similar fashion as described in Eq. (22) for the considered orthonormal coordinate system asL and
In the definition of B 3 , the repeated indices n and k imply summation. Further, the derivative of the invariants I 1 and I 2 with respect to the column vector form of deformation or displacement gradient can be given as:
